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1. Introduction
String compactications on group manifolds have long been of interest. Their world-
sheet theories are the exactly solvable Wess-Zumino-Witten (WZW) conformal eld
theories and thus stringy eects can be understood in detail. The case of primary
interest in superstring theory is the SU(2) group manifold, because the near-horizon
geometry of k coincident NS vebranes is a direct product including S3, and the cor-
responding CFT is a product of supersymmetric SU(2) level k, a \Feigin-Fuchs super-
eld", and six free superelds [12]. Another exact supersymmetric string background
[13] is S3  AdS3 { this corresponds to the CFT of two supersymmetric WZW mod-
els, one for the SU(2) and one for the SL(2; R) group manifold, and it describes the
near-horizon geometry of intersecting branes [14, 15].
D-branes in group manifolds have been studied in a series of papers [2, 3, 4, 5, 6, 7,
8, 9, 10, 11] and the basic story, at least for the compact case, is fairly well understood.
The natural boundary conditions (those for which the gluing can be expressed in terms
of an automorphism ! of the current algebra) can be classied purely in CFT terms.
In the case of trivial gluing, ! = 1, Cardy’s general theory [1], puts them in one-to-one
correspondence with primary elds. 1 The results turn out to be geometrical : [6, 7] an
allowed boundary condition corresponds to a D-brane wrapped on an allowed (twisted)
conjugacy class of the group. The only sign of the underlying CFT is a quantization
condition on the allowed (twisted) conjugacy classes. For example, in the SU(2) level
k model D-branes can wrap on k − 1 distinct S2’s around any point (these are subject
to a Z2 identication). There is also a D0-brane, to complete the spectrum (there is
no D3 because H 6= 0 [16]).
One then can study the world-volume theories of these branes by classifying massless
modes and computing interactions. The results show an intriguing parallel with the
noncommutative torus in that the algebra of open string primary elds (for large k but
nite conjugacy class) is the algebra of the \fuzzy sphere," the natural quantization of
the sphere [8].
However, there is a more elementary question one might ask rst. Why is it that
branes wrapped about spheres which are not minimal volume surfaces are stable at all
?
It is easiest to check that the other boundary conditions lead to stable branes by
considering the parallel with the boundary state describing a D2-brane ending on an
NS vebrane. This boundary state is a tensor product of \D0" in the WZW sector with
\Neumann" in the linear dilaton sector and in two of the Minkowski dimensions. It
preserves half of the supersymmetry of the vebrane theory. If k > 1, the WZW compo-
nent of the boundary state can be replaced with a dierent WZW boundary condition,
leaving everything else unchanged. In particular the supersymmetry of the object is
1Cardy’s theory can be generalized to non-trivial !; in this case, one obtains a correspondence of
boundary conditions with primary elds in twisted sectors of appropriate orbifold theories, [7].
1
unchanged, so it is stable. The geometrical interpretation of these objects is \conical"
D4-branes again wrapping a non-minimal S2. Thus our question is appropriate.
It seems clear that this stability is linked with the origin of the quantization condi-
tion, and there are two ways one might try to explain this. One might imagine that the
integrated NS two-form potential
R
B^ takes quantized values on a D-brane world-sheet.
This would imply an implausible non-local constraint on the allowed embeddings of the
D-brane, with no known origin in string theory.
A better idea is that it follows from the usual quantization of U(1) gauge eld
strength, relevant because the D-brane is wrapped on S2. Indeed there is a well known
mechanism of \flux stabilization" (which has been invoked in large extra dimension
scenarios, for example) which could then explain the brane’s stability. It is simply that
the energy
R
F 2 of a constant flux will be inversely proportional to the volume, and
thus the total energy with the brane tension will have a minimum at non-vanishing
volume.
This argument is not really correct, because, unlike what happens in the Maxwell
energy, the Born-Infeld energy of a constant flux stays nite as the brane shrinks to zero
volume (this is why there are no stable spherical D-branes in flat spacetime). What
enters in the D-brane energy, on the other hand, is the flux of the gauge-invariant
combination F = B + 20F . In a varying external B eld the total energy including
the brane tension can indeed have a minimum at nonzero volume, as we will show.
Our main result is to show that this explanation works not only qualitatively but
quantitatively: indeed, up to the well known one loop shift k ! k+2 which renormalizes
the radius of S3, computations starting from the Born-Infeld action precisely reproduce
the masses, multiplicities, and even the spectrum of small fluctuations of these branes,
as calculated in CFT. The exact agreement implies that higher-order corrections to
the Born-Infeld theory must vanish { this could be related to the BPS property of the
corresponding objects in the vebrane or S3  AdS3 geometries.
We consider the above results convincing evidence for the advocated explanation
of stability. They do in particular conrm the fact that it is the U(1) flux
R
F (rather
than the flux of F) that must be quantized. This leads, however, to an apparent
paradox: the RR charges of the branes are not quantized. We will explain why the
F -flux quantization is correct, and discuss possible resolutions of the paradox in the
nal section.
2. Semiclassical brane solutions
Consider the WZW model on the group manifold of SU(2) { we will comment on the
generalization to other groups later. A general group element can be parametrized as
U = exp(i~  ~), where ~ is a 3-vector of length  pointing in the direction (; ), and
~ are the usual Pauli matrices. The coordinate  takes values in the interval [0; ] with
the two extremes corresponding to the two elements of the center. In these coordinates
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the metric and Neveu-Schwarz three-form backgrounds read
ds2 = k0
h
d 2 + sin2 





H  dB = 2k0 sin2 sin d d d ; (2.2)
with k the (integer) level of the associated current algebra. We can choose a gauge in
which the NS two-form is proportional to the volume form of the two-sphere spanned
by (; ),
B = k0 ( − sin2 2) sin d d : (2.3)
This is a smooth choice everywhere except at the point  = . The wavefunction
of a fundamental string wrapping around this potential singularity picks up a Bohm-
Aharonov phase equal to
R
S2
B=20 = 2k. The singularity is therefore unobservable
for integer k as it should be.
Let us next put this WZW model together with seven flat space-time coordinates,
so that the full geometry is S3  R7. This is a non-critical background for type-II
string theory because the central charges don’t add up to ten, but the dilaton tadpole
will not aect our discussion of D-branes at leading order in the string-loop expansion.
Consider now a static D2-brane wrapping the (; ) two-sphere at xed value of  . This
conguration breaks the SU(2)L  SU(2)R symmetry of the background to a diagonal
SU(2). If the dominant brane energy were tensive our conguration would tend to
shrink to a point at one of the two poles of S3, either  = 0 or  = . The total brane
energy, on the other hand, has contributions also from the induced NS-NS two-form
B^ and from the worldvolume gauge eld F = dA, which enter through the invariant
combination F = B^ + 20F . Consistently with the symmetry we may turn on a
uniform worldvolume flux,
F = dA = −n2 sin dd (2.4)
where n is the ‘magnetic monopole’ number. For 0 < n < k one can check that jFj is
locally maximum at the poles, so this could prevent the D2-brane from collapsing.
A crucial point in the further considerations is that it is the flux of F , rather
than that of F , which is quantized. This may seem counterintuitive in that F is not
invariant under the gauge transformations B^ = 20d and A = −. One might
have expected the quantization condition to apply to the gauge invariant F .
A rst comment one can make is that gauge transformations for which  is single-
valued do not aect
R
F , so claiming that
R
F is quantized is not evident nonsense.
Although  need not be single-valued, in fact such large gauge transformations can only
shift
R




space-time language: one must dene B^ in patches on S3, and the allowed transition
functions between the patches are those respecting this quantization condition.
This shows that the claim that
R
F and not
R F is quantized is sensible, but does not
really prove it. Indeed, any argument for this claim which starts from a conventional
world-volume gauge theory (such as the Born-Infeld action) would be circular, as the
conventional gauge potential only makes sense if
R
F is quantized.
As is by now well-known, there do exist other gauge theories such as noncommu-
tative gauge theory in which
R
F is not quantized in the usual way. However, the
examples in which this is known to make sense at present are related to manifolds with
non-trivial fundamental group, such as the torus. Indeed the case of S2 has been much
studied and the only noncommutative gauge theories which are known to make sense
in this case are based on the \fuzzy sphere" [17] and have nitely many degrees of
freedom (the original algebra of functions on S2 is truncated). There is even a \no-go"
theorem [18] to the eect that deformations of the algebra of functions which do not
make this truncation, and which respect the natural SO(3) symmetry, do not exist as
bounded algebras.
Although this is a theorem, we have not proven that its assumptions are the phys-
ically appropriate ones, and so we are not claiming at this point to show that non-
commutative gauge theory with a eld theoretic number of degrees of freedom does not
exist on S2. The point of this discussion is to explain why there is no sensible candidate




In any case, our hypothesis that
R
F is quantized will be conrmed shortly by the
beautiful agreement of our results with those of conformal eld theory.
Let us now ll in the appropriate formulae. The energy of our D2-brane with n
units of worldvolume magnetic flux in the semiclassical (large-k) limit reads








det (G^+ F) +   
= 4k0 T(2)
(
sin4 + ( − sin2 2− nk)21=2 +    (2.5)
where T(2) is the D-brane tension and the dots stand for higher 
0 corrections (see for
instance [19]). For 0 < n < k this expression has a unique minimum away from the
poles, at
 n = nk ; (2.6)
where it takes the value
Mn = 4k
0 T(2) sinnk : (2.7)
For values of n outside this range the minimum of the energy is at  = 0 (if n < o)
or  =  (if n > k) and it corresponds to a singular conguration of the brane. This
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gives a total of k − 1 non-singular congurations. In order to take into account the
well-known one loop shift of the sphere curvature, we should replace everywhere k by
k + 2. There is however no reason at this point to trust our expressions beyond the
large k and n (with n=k held xed) limit, since only in this limit are the wordvolume
curvatures small in string units.
We can also evaluate the D-particle charge induced by the background flux on the




F = 2k0 T(2) sin2nk : (2.8)
These charges are not even rationally related to each other { here is the apparent
paradox we have alluded to in the introduction. Note also that in the flat limit, k !
1 with n held xed, eqs. (2.7), (2.8) reduce to the mass and charge of n free D-
particles, En ’ Qn ’ nT(0). The above stable congurations should have in fact a
dual description as bound states of n D-particles on the sphere, which can be analyzed
along the lines of [21]. From the exact properties of these bound states we can place
restrictions on the non-abelian Born Infeld theory, similar to those of [22][23], but this
is outside the scope of the present work.
3. Small fluctuations
The ‘mini-superspace’ analysis of the previous section took only into account the degree
of freedom corresponding to rigid motions of the D2-brane in the  -direction. In
this section we derive the complete spectrum of small quadratic fluctuations around
the above D-brane solutions. This will allow us to conrm their stability, to nd
their classical moduli space, and to compare later on with the spectrum of boundary
operators for the corresponding Cardy states.
We use static gauge in which the worldvolume is parametrised by (t; ; ), and im-
pose A0 = 0 for the worldvolume gauge eld. We ignore for simplicity brane fluctuations
and gauge-eld components in the extra spectator spatial directions, and concentrate
on the three remaining degrees of freedom
 = nk +  ; A = k2 ; and A = n2(cos − 1) + k2 : (3.1)
Here the small fluctuations ; ;  are arbitrary functions on R  S2, and the k=2
normalization is introduced for convenience. The Born-Infeld energy-density reads
LBI = T(2)
q
−det (G^+ F) (3.2)
where
G^+ F = k0
0
@−1k0 + (@t)2 @t@ + @t @t@ + @t@t@ − @t sin2 + (@)2 @@ + F





F  ( − sin(2 )2) sin  + @ − @ : (3.4)
In expanding out the determinant to quadratic order, terms involving  o the diagonal
drop out. After some tedious but straightforward algebra the Born-Infeld lagrangian
up to quadratic order takes the form










2 + sin2 (@)




We have here denoted f  @ − @ for short, and have dropped the leading,
fluctuation-independent term of the lagrangian as well as an irrelevant multiplicative
constant.
The above expression starts out with a linear term, which seems to contradict our
assertion that we are expanding around a classical solution. This is however not the
case. The linear term is proportional to the fluctuation of the integrated flux, which
must be set to zero because of the quantization condition. This demonstrates explicitly
that it is the magnetic flux that stabilizes the D-brane. The quadratic terms in (3.5) are
furthermore independent of the background solution we expand around. This means
that the spectrum of fluctuations is independent of n, in agreement with the conformal
eld-theory result as we will see soon.

















+ 2 −2sin@ 2sin@
2sin@ −1sin2@2 1sin2@@




= −1sin2@2 − 1sin @ sin @ (3.8)
is the covariant Laplacian on S2. The operator O has zero eigenvalues corresponding to
the unphysical longitudinal polarization of the photon. We can extract the transverse
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polarization by combining the last two equations so as to express everything in terms




























with the reality conditions lm = 

l −m and similarly for f . Notice that the absence
of the s-wave in the expansion of f guarantees the flux quantization condition, as can
be checked using the orthonormality of the spherical harmonics. For l = 0 there is
therefore only the -fluctuation, and its frequency squared is 2=k0. For all other l we
need to consider the matrix
1k0

l(l + 1) + 2 2
2l(l + 1) l(l + 1)

(3.11)
whose eigenvalues are (l + 1)(l + 2)=k0 and l(l − 1)=k0. Putting it all together we
thus have the following spectrum of quadratic fluctuations
m2 = j(j + 1)=k0 ; in reps: (j − 1) (j + 1) ; for j = 0; 1; 2; ::: (3.12)
with the understanding that only the spin-one representation appears in the special
case j = 0. This corresponds precisely to a triplet of zero modes, corresponding to
arbitrary rotations of the worldvolume two-sphere inside S3. All other excitations have
positive mass, conrming the stability of our solutions.
4. CFT analysis
Let us now compare the results of the last two sections with those of conformal eld
theory. In the diagonal-invariant bosonic theory there are (k + 1) Cardy [1] boundary











2k + 2 sin ((i+ 1)(j + 1)k + 2) (4.2)
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is the modular-transformation matrix.
We want to identify these states with the semiclassical congurations of section 2.
We have seen that there are k−1 stable non-degenerate D2-branes, when the S3 radius
is
p
k0, and adding the two D-particles at the north and south poles gives the correct
total number. Alternatively, if we take into account the quantum shift k ! k + 2,
we nd exactly k + 1 non-degenerate D2 branes. These two ways of counting are of
course indistinguishable in the semiclassical large k limit, since it is hard to tell the
dierence between a point-like D-particle and one with radius  p0 (this is the radius
of the worldvolume for n = 1 units of flux). Adopting the latter point of view makes,
however, the Born-Infeld results exact { this may be related to supersymmetry in the
vebrane context, but we did not have any reason to expect it a priori. To exhibit this
precise agreement of the formulae we will assume that the S3 radius is
p
(k + 2)0, and
identify
jn− 1 C $ (flux− n D2− brane) (4.3)
where the flux n takes the values 1; 2; ::; k + 1.
The mass of a Cardy state can be read o from the coecient of its p = 0 Ishibashi
component which has non-vanishing overlap with the (seven-dimensional) graviton and
dilaton, see for instance [24]. To be more precise, the interaction energy between two
D-branes a distance r apart due to the exchange of the (seven-dimensional) graviton
and dilaton can be calculated along the lines of [20] with the result2
E(r) = 22(7) M2n (6)(r) (4.4)
where (7) is the gravitational coupling in seven dimensions, Mn the mass of the D-
branes and (6)(r) the six-dimensional Euclidean Green’s function. The string-theory
calculation for this interaction energy on the other hand is
E(r) = (2)4jSn0j2S00 (6)(r) (4.5)
where we have here projected onto the identity-operator in the closed-string channel of






3=2(2k + 4)1=4(7) sin (nk + 2) ; (4.6)








(7) (k + 22)
3=2 22 (4.7)
one can verify that the above mass agrees precisely with our semiclassical result (2.7),
including all the numerical prefactors.
2We can formally ignore the dilaton tadpole in this calculation.
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Consider next the spectrum of quadratic fluctuations, to be compared with the
open-string excitations in the H(n−1)(n−1) Hilbert space. If we neglect transverse spatial
dimensions, the light states in this Hilbert space are of the form
jopen >= Ja−1jj > (4.8)
where Ja are the SU(2) currents and jj > is created by a primary eld with j =
0;   k=2. These transform in the (j − 1)  j  (j + 1) representations of SU(2), but
imposing the (super)Virasoro constraint will project the representation j out of the
spectrum. One way to see this is to note that there are as many constraints as number
of primaries, namely 2j+1, and since physical states must form SU(2) representations
it is necessarily the j representation that is projected out. The conformal weight of
the vertex operators corresponding to the states (4.8) is j(j + 1)=(k + 2) , in complete
agreement with the semiclassical mass formula of small fluctuations derived in section
three.
Another qualitative conrmation of the results in section two follows from an anal-
ysis of the ‘wavefunctions’ of the Cardy states in position space [7]. These are peaked
around equally-spaced values of the polar angle  , in agreement again with the semiclas-
sical result (2.6). Notice that the moduli space for rigid translations of the D2-branes
on the group manifold corresponds to the freedom of obtaining equivalent Cardy states
by group conjugation.
Finally, let us compare the induced D-particle charge (2.8) with the result of CFT.
In the CFT this charge is given by the p = 1 coecient of the Cardy state, because the
corresponding closed-string RR states transform in the (p=2⊗1=2; p=2⊗1=2) represen-
tation of SU(2)L  SU(2)R. The reason is that the zero modes of the supersymmetric
WZW fermions are realized on a bispinor of SU(2)L  SU(2)R. Now the D-particle
charge of interest is a SO(4) singlet { this can be veried explicitly by checking that
it does not transform under rigid translations of the D2-brane on S3. Thus only p = 1
contributes to this coupling, and a calculation similar to the one for the mass gives
Qn = (2)
3=2(2k + 4)1=42(7) sin (2nk + 2) ; (4.9)
in perfect agreement again with the result of section two. That these charges are not
rationally related to each other is thus conrmed by the CFT analysis { we will return
to the point in the nal section.
9
5. General group manifolds
In this section we discuss some aspects of the generalization of our results to compact
Lie groups G which we assume to be simple, connected and, for simplicity, to be simply
connected. Our discussion will be entirely topological, the precise form of the metric
and antisymmetric tensor will not play any role. The reader not interested in this
generalization can go directly to the nal section.
The D-brane world volumes for all boundary conditions for which the gluing of
left movers and right movers at the boundary is given by an automorphism ! of G
have been described in [7]. They are (regular) twined conjugacy classes, i.e. they are
subspaces of the form
C!(g) = fhg!(h)−1 with h 2 Gg (5.1)
where g 2 G is a regular element.
Let us describe the geometry of twined conjugacy classes in somewhat more detail:
for any automorphism !, there is a maximal torus T of G that is invariant under !.
The subgroup of elements of T that are left pointwise xed by !,
T ! = ft 2 T j!(t) = tg ; (5.2)
is not a torus, but a semi-direct product of a torus and a nite abelian group; its
connected component T !0 of the identity is a torus. In case ! is an inner automorphism
{ and this is always true for G = SU(2) { all subgroups of G coincide:
T = T !0 = T
! : (5.3)
For inner automorphisms, this torus actually coincides with a maximal torus and the
dimension of the torus equals the rank of G; so e.g. for inner automorphisms of SU(3)
we have a two-dimensional torus. For outer automorphisms, the dimension of T !0 is
smaller than the rank; for outer automorphisms of SU(3) it is equal to one.
Weyl’s classical theory of conjugacy classes has in fact a nice generalisation to twined
conjugacy classes. We will sketch some statements of this theory. The central tool is
the following: given a maximal torus T , we dene a map from the coset space G=T
and the maximal torus T to the group by using conjugation:
q : G=T  T ! G
q([g]; t) = gtg−1
(5.4)
Weyl could show that the mapping degree of q equals the number of elements in the
Weyl group W . Maps with positive degree are surjective, so in particular one sees
that any element of G is conjugated to some element in the maximal torus T . So any
conjugacy class can be characterized by an element of the maximal torus. In fact,
dierent elements of the maximal torus parametrize identical conjugacy classes if and
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only if they are related by the action of the Weyl group. In the case of SU(2), a
maximal torus is one-dimensional; examples are given by circles of constant values of
 and ; they can be parametrized by  . The Weyl group is just Z2, and its action has
been taken into account by restricting  to the range 0    . Finally, xing t we
see that regular conjugacy classes are isomorphic to the homogeneous space G=T . In
the case of SU(2) this gives SU(2)=U(1) which is isomorphic to the two-sphere.
The results nicely generalize to twisted conjugacy classes (for details see [7]). For
any automorphism !, q is replaced by q! that is dened via twisted conjugation:
q! : G=T
!
0  T !0 ! G
q!([g]; t) = gt!(g
−1)
(5.5)
The mapping degree of q! can be shown to be positive. To state more precise results,
we need the subgroup W! of the Weyl group W that commutes with the action of W
on the weight space:
W! := fw 2W j!w = w! for all w 2Wg (5.6)
The group W! has been shown in [25] to be isomorphic to the Weyl group of the so-
called orbit Lie algebra [26]. For the outer automorphism of SU(3) this group is Z2,
which is the Weyl group of the orbit Lie algebra SU(2).
The mapping degree of q! is just nTω jW!j, where nTω is the number of connected
components of T !. Weyls classical results can now be generalized to twined conjugacy
classes. All statements remain true, provided one replaces the maximal torus T by T !0
and the Weyl group W by W!: Twined conjugacy classes are characterized by elements
of T !0 ; dierent elements of T
!
0 describe identical twined conjugacy classes if and only if
they are related by the action of W!. Regular twined conjugacy classes are isomorphic
to the homogeneous space G=T !0 . Even a generalization of Weyl’s integration formula
holds [27].
To give an explicit example, regular D-branes for inner automorphisms of SU(3)
are isomorphic to SU(3)=U(1)2 and are thus six-dimensional. They are characterized
by two parameters. For outer automorphisms, they are isomorphic to SU(3)=U(1)
and therefore seven-dimensional. For their characterization a single parameter suces.
Outer automorphisms therefore change the dimensionality of the worldvolume.
Extending the analysis of SU(2) to other groups requires a detailed knowledge of the
dierential geometry of the group manifold, in particular a good choice of coordinates.
The corresponding calculations become rather complicated and are beyond the scope of
the present note. However, there is a simple and yet non-trivial check of the stabilization
mechanism: we expect as many independent U(1) fluxes as the number of transverse
brane coordinates that must be stabilized.
The possible U(1) fluxes on the worldvolume of the D-brane are given by
dimH2(G=T !0 ;R) (5.7)
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Following our previous discussion, the description of a specic D-brane requires on the
other hand dim T !0 parameters. We should thus expect the general relation
dimH2(G=T !0 ;R) = dimT
!
0 (5.8)
Such a relation does indeed hold in full generality: for a simply connected compact
Lie group G also the second homotopy group 2(G) vanishes. The long exact sequence
in homotopy
: : :! k(G) ! k(G=T !0 ) ! k−1(T ) ! k−1(G) ! : : : (5.9)
implies for k = 1 that the homogeneous space G=T !0 is simply connected and for k = 2
that 2(G=T
!
0 ) is isomorphic to 1(T
!
0 ). The latter is a free abelian group whose rank
is dimT !0 . The homotopy group 2(G=T
!
0 ) therefore coincides with the homology we
want to determine, and we nd indeed that
H2(G=T !0 ; R)
= 2(G=T !0 ) = 1(T !0 ) = ZdimT
ω
0 (5.10)
Notice in particular that the line bundles over G=T !0 do not have any continuous pa-
rameters. This generalizes the situation of SU(2), where we consider bundles over S2.
This is reflected in the conformal eld theory analysis by the fact that we nd D-brane
worldvolumes whose only continuous deformations are given by (inner) automorphisms
of the group, but which do not have any other moduli.
The fact that the relation (5.8) always holds shows that the advocated mechanism
could indeed be responsible for the stability of all known WZW D-branes.
6. Fivebrane and a paradox
To further discuss the physics of the SU(2) branes, let us consider a conguration of
N coincident supersymmetric (NS) ve-branes in type II theory.
The full vebrane background is (in string frame)
ds2 = dx2 + f(r)dy2
e2 = g2sf(r)
f(r) = 1 +N0r2
H = N03 (6.1)
where x are the 5 + 1 longitudinal coordinates, y are 4 transverse coordinates and
r = jyj.
In the near-horizon limit r ! 0, the background factorizes into a radial component
and an S3. The corresponding CFT has a Feigin-Fuchs (linear dilaton) eld in addition
to the supersymmetric SU(2) WZW model [12]. The supersymmetric WZW model can
be realized as a tensor product of three free fermions (with level 2 current algebra) and
a bosonic WZW model of level k (the k of the previous sections). The vebrane number
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N is identied with the total central charge k + 2 of the SU(2) current algebra. This
may sound unsatisfactory, as there is apparently no candidate theory for a single ve-
brane, but it agrees with the standard lore that the center-of-mass degrees of freedom
of the branes are not be visible in the dual holographic theory. A single vebrane
has no degrees of freedom other than center-of-mass, and hence no dual holographic
description.
The D particles of the previous section are nonsupersymmetric and unstable in this
background. They are momentum modes in the eleventh dimension, which tend to fall
towards the core of the vebrane where the eleventh dimension blows up and the D-
particles become massless. This agrees with the expectation that they should complete
SO(5) representations of the vebrane elds [28].
D2-branes which end on the vebrane are supersymmetric and correspond to the
product of a Neumann boundary state in the linear dilaton theory, and a Dirichlet (D0)
boundary state in the WZW model. In this context, the additional WZW boundary
states will correspond to D4 branes extending along the radial direction (and so ending
on the vebranes), but now (in the near horizon regime) \wrapped" on an transverse
S2, forming a conical geometry.
To study the supersymmetry properties of these branes, we need to write down the
space-time supersymmetry generators. The world-volume supersymmetry generators
are given in [12] and the D2 boundary conditions in the WZW model preserve an
N = 4 world-sheet supersymmetry. This is enough to guarantee that the world-volume
operator corresponding to the space-time supercharge also exists with these boundary
conditions.
The conjugate brane (in the sense of electric-magnetic duality) would be a D4-
brane with three dimensions wrapped on S3 and 1 + 1 extending in Minkowski space.
Although this of course does not exist because it is wrapping a surface with H 6= 0,
there is a similar object which is believed to exist [28]. The total flux
R
H on the brane
can be made zero by allowing k D2-branes to end on the brane (and extend outward),
analogous to the \baryon" of [16].
The existence of the conjugate object would appear to require D2 charge quantiza-
tion. So why is RR charge not quantized ?
We rst note that there is a supercially similar eect, already visible in toroidal
compactication, with a much simpler explanation. Since the integrals
R
B^ over two-
cycles in the target space can take arbitrary non-zero values, the induced RR chargesR
C ^ B^ are non-integral. However, this is not a violation of quantization but rather a
rotation of the entire charge lattice.
A simple way to see that this is not what is happening here is to realize that charge
quantization requires that there be an integral basis of the charge lattice of rank equal to
the number of charges (one must then check that the DSZ form is integral of course). In
the present case (and for SU(2)), we have found O(k=2) distinct ‘charges’ satisfying no
integer relations, but at most two independent RR charges (from the two-dimensional
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cohomology of S3).
The way one avoids an immediate contradiction is by noting that the RR elds in
question are massive in the near-horizon geometry. This can be seen in the CFT where
the normalizable vertex operators have (six-dimensional) mass bounded below by the
background charge of the Feigin-Fuchs coordinate [28]. Alternatively, in the low energy
eective theory, this follows from the Chern-Simons coupling
R
G^G^ B^. We work in
the usual string conventions in which the RR kinetic terms and sources are independent
of the dilaton. This leads to
d G = H ^G+ (7) +B ^ (5) (6.2)
and
dG = (5) (6.3)
where G = dC(3) is the four-form eld strength, (9−p) is the source associated to a
p + 1-brane (a 9 − p form normal to the world-volume). The conserved electric and








In the near-horizon limit of the ve-brane background, B is independent of distance r.
In this case the CS term makes the RR eld eectively massive, so the quantization
condition will not be visible.
In the true ve-brane background, when we go to asymptotic innity (the Minkowski
region), the B eld does fall o with distance, and the charge quantization must become
observable again. This regime is of course not described by our explicit CFT. Since the
volume of the S3 grows with radius in the normal way here, presumably the conical
four-brane must asymptote to a cylindrical four-brane (or even n two-branes again).
This ts with the asymptotic BPS bound which implies that the tension here is just n
times that of the original two-brane.
In a general background with non-zero H , it is clear that the induced RR charge will
depend on the embedding of the brane through
R
B^ and so this contribution cannot
be quantized. However this variation could be cancelled by the bulk CS term: the
total variation of the right hand side of (6.2) under a variation of the embedding of the
D4-brane is zero, under a suitable interpretation of the boundary terms.
These points seem to us to resolve the paradox both in the context of the near-
horizon geometry (because the RR elds are massive) and in the full geometry (in
which the H flux falls o fast enough to apply the second argument). However they
leave open the interesting question of just what the CFT results (4.9) are measuring.
One possibility is that they are related to the N − 1 = k + 1 independent charges
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of the holographically dual eld theory on the vebranes. For N type IIB vebranes
the worldvolume theory has SU(N) gauge symmetry, and hence N − 1 independent
charges. These charges may indeed correspond to the dierent allowed couplings of the
massive RR eld in the bulk theory.
We feel there is more to say about this issue, but will leave it for future work.
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